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Abstract

Cycle covering is a well-studied problem in computer scgenin this paper, we develop approximation
algorithms for variants of cycle covering problems whiclubd the size and/or length of the covering cycles.
In particular, we give a -approximation for the lane covering problem [4, 5] in weiggh graphs
with metric lengths on the edges and an approximation for the bounded cycle cover problem [11]
with cycle-size bound in uniform graphs. Our techniques are based on interpretiggeedy algorithm
(proposed and empirically evaluated by Ergun et al. [4, S]radual- tting algorithm. We then nd the
approximation factor by bounding the solution of a facteweaaling non-linear program. These are the rst
non-trivial approximation algorithms for these problenWdle show that our analysis is tight for the greedy
algorithm, and change the process of the dual- tting aldyoni to improve the factor for small cycle bounds.
Finally, we prove that variants of the cycle cover problenichitbound cycle size or length are APX-hard.

1 Introduction

Given a graph and a subset of marked elements (nodes, edgesne combination thereof), a cycle cover
problem seeks to nd a minimum length set of cycles whose mi@ontains all marked elements. Many
practically important problems in routing and navigatiande formulated as cycle cover problems with
additional constraints on the set of cycles in the solution.

One commonly studied cycle cover problem is €t@nese postman problenmst introduced in 1962 by
Guan [9], in which the objective is to cover every edge attlease by a (not necessarily simple) cycle of
minimum length. Besides its obvious application to maiid®ly in China, this problem nds application in a
variety of routing problems such as robot navigation anglsriow plowing planning.

In many applications of the Chinese postman problem, artiaddl constraint naturally arises on the size
or length of the cycles. For example, a group of companiehtmignt to design a set of trucking routes
(cycles) of minimum cost that satisfy all their shippingue@gments (i.e., traverses a set of given edges) and
obey union regulations which limit the driving time and nwniof stops each trucker can make [4, 5]. In
graph theoretic terms, this translates to covering all oresof the edges of a given graph with cycles, with an
upper bound on the size (i.e., number of edges) or length el distance) of each covering cycle. Another
application arises in the design of fault-tolerant optizetworks. In this application, studied by Hochbaum
and Olinick [11], the objective is to nd a backup path for eyedge of the network, so that when a link of
the optical network fails, the network can route traf c anolthe fault without increasing the size (and hence
the errors) of the transmission by more than a bounded amdbig reduces to covering the graph with short
cycles with an additional constraint that the cycles shbldimple.

Although the Chinese postman problem is polynomially solean directed and undirected graphs, any
variant which places a constant upper bound on the size gtHesf the covering cycles is NP-hard [5]. In
fact, we will show that these variants are APX-hard.

In this paper, we study approximation algorithms for thelygm of nding cycles of bounded size that
cover a subset of the edges of a graph. We usually assume gleelestjths of the graph form a metric.
This problem is also known as thane covering problenf4, 5]. To the best of our knowledge, the only
approximation algorithm known for this problem is a triviazlapproximation algorithm that covers each
edge with a cycle of size 2. We show that a greedy heuristipgged and empirically evaluated by Ergun
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et al. [4, 5] can be interpreted as a dual- tting algorithmwhich edges grow their dual variables at rate
proportional to their length (see [14] for a discussion @& tbchnique of dual- tting). We use this fact, and a
factor-revealing non-linear program (see [14]) to show thi algorithm achieves an approximation factor of

for constant , and if isgivenas part of the input. Thisis the rst
approximation algorithm that provably beats the trivi@pproximation algorithm. Using the factor-revealing
program, we show that our analysis is tight for this greedpathm. For small values of, we show how the
approximation factor of the algorithm can be improved byéasing dual variables at a rate than-linearly
depends on the length of the edges. In particular, for we show that the approximation factor can be
improvedto  from B .

We also explore several variants of the problem and show hovalgorithm extends to these variants.
One problem that we will consider is the lane covering problth a constraint on the length, as well as the
size of the cycles. We show that for this problem our alganitfives the same approximation factor ().
Another problem, called thieounded cycle cover probleinas the additional restriction that cycles should be
simple as well as of bounded size [11]. For this problem, @preach gives the rst -approximation
algorithm.

We also prove that cycle cover problems which place a bourtti@size or length of the cycles is APX-
hard. Our proof uses a construction of Holyer [12]. We alsavprintegrality gaps in the set cover linear
programming formulation of the lane covering problem.

Related Works. Cycle cover problems in graphs have been studied extegpdiagh a combinatorial
standpoint. The book of Zhang [22] reviews much of this &itare. The Chinese postman problem was rst
introduced by Guan [9]. Edmonds and Johnson [3] gave thepostnomial time algorithms for the problem
in undirected graphs. Papadimitriou [17] proved that thabpam is NP-hard in mixed graphs. Raghavachari
and Veerasamy [18] gave a -approximation for this instance of the problem. A variahtlee Chinese
postman problem, theinimum weight cycle cover probleadds the restriction that covering cycles must be
simple. This problem was shown to be NP-hard by ThomassénlfaDet al. [13] proved an upper bound on
the length of such a cycle cover inconnected graphs and gave an algorithm to nd it. The bodroyele
cover problem, which constrains cycles to be of boundedaszeell as simple, was introduced by Hochbaum
and Olinick [11] to solve an optical network design problérhey presented a heuristic for the problem along
with an empirical analysisRing coveringa related optical network design problem with a slightlffetent
objective was proposed by Slevinsky et al. [19]. Kenninggbal. [15] present a heuristic to solve the problem.
The lane covering problem was introduced by Ergun et al.]JAyBo gave a heuristic for the problem along
with an empirical analysis. A variant on the cycle coveringlgem which imposes a lower bound on the size
of each cycle has been studied as well [1]. Other coveringlpros include covering a graph by cliques [8].

Structure of the Paper. In Section 2, we give a formal statement of the lane coverimgplem. In
Section 3 we present the natural greedy algorithm and amdtyim Section 4. In Section 5, we present a
method that improves the approximation factor of our aljponifor . In Section 6, we discuss two
related cycle covering problems to which we can apply oundéges. Finally, in Section 7, we present our
APX-hardness result.

2 Problem statement

Let be a complete bidirected graph. A nonnegative lengtts assigned to each edge

These lengths are symmetric (i.e., for every ) and satisfy the triangle inequality (i.e.,
for every ). In thelane covering problen, 5], we are given a subset of

directed edges of calledlanesand an integer . The objective is to nd a collection of (not necessarily

disjoint) cycles that cover all edges of each containing at mostedges, with minimum total length.

In another variant of the lane covering problem, kegth-constrained lane covering problg#) 5], we
are also given a bound on the length of each covering cycle. The goal is to nd a mimimlength cycle
cover of of cycles of length at most and size at most.

Except where noted, in this paper, we will focus on the langdag problem. However, as we will see
in Section 6, our algorithmic techniques and lower boungsyaip the more general length-constrained lane
covering problem as well.



3 The greedy algorithm

In this section we present a natural greedy algorithm forldine covering problem that was rst proposed
and analyzed empirically by Ergun et al. [5]. This algorithelies on a notion ofost effectivenegss a cycle

, Similar to the one used in the greedy set cover algorithmd®&/ee thecost effectivenessf a cycle as
the ratio of the total length of edges in to the total length of the edges in. Using this notation, the
algorithm can be stated as follows.

ALGORITHM 3.1.
While there is an edge in, do the following
— Find the most cost-effective cycle in the graph consisting of at mostedges. If there is more
than one such cycle, pick one arbitrarily.
— Pick and remove its edges from

When is a constant, the number of cycles of sizis at most a polynomial in the size of the graph, and
therefore Algorithm 3.1 can clearly be implemented in polyial time. However, when is part of the input,
it is not clear how to implement this algorithm ef ciently. dfe precisely, in order to establish a polynomial
running time for Algorithm 3.1, we need to show that it is pblsto nd the most cost-effective cycle in
polynomial time. This is done in the following lemma.

LEMMA 3.1. There is a polynomial time algorithm that given a grapha nonnegative length for every

, aset of lanes, and a parameter computes the most cost-effective cycle inf size at
most .
Proof. We denote the cost effectiveness of a cycléy , and the cost effectiveness of the most cost-
effective cycle in  of size at most by . We rst show how to check in polynomial time whether

for a given value , and then use binary search to compute . In order to check if ,
we construct a weighted graphthat is the same as, except the weight of the edges are de ned differently.

For , we setthe weightofin to . For , we set this weight to . Itis easy to see
that any cycle in  with corresponds to a cycle of negative weight in Therefore, checking
whether reduces to checking whether there exists a negative weyght i of size at most ,

which can be done in polynomial time (see [2], for examplejing this, we can do binary search to compute

to any arbitrary precision. Assume, without loss of genigrahat 's are integers, and let denote the
sumofall ‘sinthe graph. Since for every, is the sum of lengths of the edgesin  divided by the
sum of lengths of the edges in, the cost effectiveness of every cycle is a rational numbgr denominator
atmost . Thus, for every two cycles and , either , or and differ by more than

. We know that- . If we perform iterations of binary search, we can compute an
interval of length at most such that . Thus, if we construct the graph as described
above with , then every cycle of negative weight in will correspond to a most cost-effective cycle in

. We can nd such a cycle in polynomial time.

3.1 Dual- tting formulation of the algorithm.  Here we present a different formulation of Algo-
rithm 3.1, that allows us to analyze it using the method of dting. Before stating the algorithm, we present
an LP relaxation of the problem. In the following LP relaxatiof the problem, denotes the collection of all
cycles with at most edgesin , and foracycle , denotes

minimize (3.1)

subject to

The dual of this LP is the following:



maximize

subject to

Letting , we can write the above dual program as follows:

maximize (3.2)

subject to

We are now ready to describe the restatement of Algorithnindrms of the dual variables :

ALGORITHM 3.2.
Initialize 's to zero for all

Increase all 's at the same rate until one of the following events occutwl§ events happen at the
same time, break the tie arbitrarily.

— Foracycle , sum of for all becomes equal to (In other words, the edges
in can pay for the cycle with their dual variables). In this case, pick freeze the value
of for , and remove these edges fron{i.e., these edges will not contribute to other

cycles any more).

As shown in the next section, the above formulation of thedyealgorithm enables us to use the technique
of dual- tting in combination with a factor-revealing progm to analyze the algorithm.

4 Analysis

The idea behind primal-dual algorithms is that the alganitomputes a solution for the problem (the primal
solution), together with &easiblesolution for the dual linear program, so that the ratio ofc¢hst of the two
solutions can be bounded by a factorSince by LP duality every feasible solution of the dual LR iswer
bound on the cost of the optimal primal solution, this woulgply that the algorithm has an approximation
factor of .

Algorithm 3.2 computes a solution for the problem, and atsmiu  for the dual LP such that the cost
of the primal solution is equal to the cost of the dual solufjo ). However, 's do not necessarily
constitute a feasible solution for the dual. The idea of dttialg [21] is to nd a value such that when we
divide all 's by , we obtain a feasible dual solution. Since this feasibld dolation has cost equal to the
cost of the primal solution divided by and is also a lower bound on the optimal value, this provesttiea
algorithm is a -approximation.

In order to nd the best for which the above analysis works, we use the techniqueabfaevealing
programs [14]. This technique consists on proving severadjualities between various parameters in the
instance of the problem, and writing them as a maximizaticmgmam, whose solution bounds the worst
value for . We call this maximization programfactor-revealing programUnlike [14], the factor-revealing
program that we get is non-linear. The nal step of the analissto bound the solution of this program. This
is done in Section 4.2.



4.1 Deriving a factor-revealing program We give a bound on such in terms of the solution of a

factor-revealing (nonlinear) program. Consider a cycle , denote the edges of by

and their corresponding 's and 's by and ,andlet denote the total length of edges

in  (i.e., sum of 's plus the length of the edgesin ). We would like to nd a constant such that

for all such cycles, we have . The best such constant is equal to the maximum of the ratio
, where the maximum is taken over all such cycleg all instances of the lane covering

problem.

The idea is to prove several inequalities betwees, 's, and , and write them as the constraints
of a factor-revealing program (treating's, 'sand as variables) with as the objective
function. The solution of this maximization program givessan upper bound on the best value of

We start by assuming, without loss of generality, that

(4.3)
This means that Algorithm 3.2 rst covers at time , then covers attime , and so on. Consider the
time , just before the algorithm covers. At this moment, all of the edges are not

covered yet, and therefore they are contributing towardctfee . The total value of this contribution is
. This value cannot be greater than the length p§ince otherwise we would have pickedearlier
in the algorithm. Thus, for everywe have the following inequality:

(4.4)

Furthermore, each edgés contained in a cycle of size two of length , and it can pay for this cycle at most
at time . Thus, Algorithm 3.2 never increases anbeyond 2. So, for every

(4.5)

The last inequality is the metric inequality: for every edgen the cycle, the length of this edge is at most the
cost of the path between the endpoints athat uses the other edges of the cycle. Therefore, for eyery

(4.6)
Summarizing all the above inequalities, we get the follgpuemma.

LEMMA 4.1. Let denote the solution of the following maximization prograamd let

(4.7)

Then Algorithm 3.2 is a -approximation algorithm.

Proof. By the above argument, for every cyclewith edgesin ,thevaluesof 's, 's,and constitute

a feasible solution of the maximization program (4.7). Thus . Therefore, if we

scale down all 's by a factor of , they will satisfy the constraints of the dual program (3 2)is means
that — is a lower bound on the value of the optimal solution. On threephand, it is clear from the
description of Algorithm 3.2 that the cost of the solutiorprgcisely . Thus, Algorithm 3.2 always
outputs a solution whose cost is at mosttimes the cost of the optimal solution.
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4.2 Analyzing the factor-revealing program In this section we prove the following lemma.

LEMMA 4.2. Forevery ,thevalue de ned by the factor-revealing program (4.7) in Lemma 4.atismost

Proof. Without loss of generality we can scale all's so that . Therefore, the factor-revealing
program (4.7) can be written as follows.

maximize
subject to (4.8)
_ (4.9
(4.10)
- (4.11)
(4.12)
(4.13)
Let ———. Since 's are nonnegative, 's are nondecreasing. Thus, there exists an index
, such that for all ,and for . On the other hand, for every
, we have — ——. Using this and inequalities (4.9) and (4.10), the objectinction of the above
program can be bounded in terms 0% as follows:
By de nition of . Therefore, the above expression is a decreasing function o. On the other

hand, by the de nition of , . Thus, the above expression can be bounded by:

where the last inequality follows from the inequality beémegeometric and arithmetic means. By inequality
(4.12), , and hence the above expression is at most . It is straightforward to see that
this is an increasing function of By inequality (4.11), and therefore . Thus, the objective
function of the maximization program can be bounded by



The results of this section and the previous section be suipetkin the following theorem.

THEOREMA4.1. For every xed , Algorithm 3.1 is a polynomial-time approximation algarit for the lane
covering problem with an approximation ratio at most . If is part of the input,
the approximation ratio of this algorithm is at most

Proof. The theorem follows from Lemmas 4.1, 4.2, and 3.1, and the tfzat for every , the value
is less than ,and tends to as tends to in nity.

REMARK 1. Itis worth noting that the only place inequality (4.11) oétfactor-revealing program was used
was to show that . This means that even if the lengths of the edges do notys#iisftriangle
inequality (but they are symmetric), our algorithm achiea® approximation ratio of for
xed ,and for general .

4.3 A Tight Example The factor-revealing program (4.7) suggests how one canartijht example
for the algorithm. In this section, we use this approach mnsthat the approximation guarantee given by
Theorem 4.1 is asymptotically tight. We construct an examplwhich the cycles of the optimal solution
consist entirely of edges in, but the algorithm still returns a sub-optimal solution.€Titlea is to place the
cycles of the optimal solution close together so that notiead cycles go tight as well, confusing the greedy
algorithm.

THEOREM4.2. For every there is an instance of the lane covering problem such traatatio of the
cost of the solution found by Algorithm 3.2 to the optimalgioh is at least

Proof. Let be even and consider a  -regular bipartite graph with girth at least  (for existence of
such graphs, see for example [16]). By Konig's theorem (f@eexample, the graph theory textbook by
West [?]), is -edge-colorable. Below, we construct a new graphy replacing each vertex of with
a cycle and adding edges between cycles correspondinggtoeadjvertices in . Cycles corresponding to the
vertices of  will give an optimal cycle cover for , while Algorithm 3.2 will only pick cycles corresponding
to the edges of .
Each vertex of is replaced by a directed cycle consisting adrcs of length . Let  denote the set
of such cycles. The arcs of cycles inform the set . Fix a -edge-coloring of with colors from
. For each vertex in , color the arcs of the cycle corresponding tavith colors in
such that every other arc in the cycle is colored with 0 andyes@lor in  is used exactly once in this
cycle. We would like to add non-lane edges between thesegwd that Algorithm 3.2 covers every color-
arc attime

if
if
To achieve this, for every edge of color in , we add two parallel non-lane edges between the
endpoints of the color-arcs in the cycles corresponding tcand . More precisely, if the color-arcs in
these two cycles are  and we add two non-lane edges, one betweerand , and one between
and , each of length———. This creates a cycle . Let  denote the set of such cycles.

The length of a cycle in is- , so Algorithm 3.2 picks this cycle at time
, assuming neitherarc  nor is covered at an earlier time. Thus, colatcs are covered
by time . Let denote the resulting graph. See Figure 1 for an example when . An
instance of the lane covering problem is obtained by settindength of all edges to the length of the shortest
path between their endpoints in the underlying undirectagiy of
We show that no cycles in the above instance other than those i  are picked by Algorithm 3.2 at

any time before . For the sake of contradiction, assume there is a cycledritsi that is picked by the

algorithm at a time before. Let be the rst such cycle, be the time at which is picked, be the number

of edges of thatarein attime , and be the total number of edges in Suppose that , and so
. Let be the length of cycle . The bound on implies that:

(4.14)
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Figure 1: A local view of the construction for

Consider the cycle of suchthat is obtained by shortcutting some edges ofii.e., has the same
length as and visits the same set of lane edges). Without loss of gkiyevee may assume is simple
(i.e. does not repeat a vertex). Let be the cycles in which have a vertex in common with .
Since every vertex in is adjacent to three edges, must intersect each in an edge.

Consider the subgraph of induced by the set of vertices corresponding to cycles

Each edge of has length , and so has length at least . This, together with
inequality (4.14), implies that . Thus, since hasgirth atleast , must be acyclic. Therefore, if
has more than one vertex, it contains a leaf, sayjLet be the unique vertexin adjacentto and

be the color of the edge . Since is simple, itintersects in either one edge (the colordge) or
edges. If intersects in just its color- edge, then the cycle which visits the coloedge of instead of
the color- edge of has shorter total length and covers the same number of lages€this is because

is the rst cycle not in that is picked by Algorithm 3.2). Thus, without loss of geality, we may
assume intersects in edges, each of which has length . Since is acyclic, it must either have
at least two leaves or be a single vertex. If has at least two leaves, then , contradicting

inequality (4.14). If  is a single vertex corresponding to a cycland does not traverse the entire cycle
, then the length of is at least twice the number of lane edges covered hyand so
Thus, the only cycles that can be picked by Algorithm 3.2 ateetearlier than 2 are cycles in and

cyclesin . The algorithm can pick any cycle in orin attime . Suppose it picks all cycles in
at this time. Thus, all cycles in now have only lane edges and so can not be picked before time
. Next, at time , the algorithm can pick any cyclein orin . Suppose it picks all

cyclesin . We can continue like this until time , when the algorithm picks all cyclesin . Finally,
at time , the algorithm covers the remaining lane edges (the arcslof 6) using cycles with two edges.

Therefore, Algorithm 3.2 buys all cycles in along with a bunch of cycles with two edges and
spends — - — percyclein , whereas the optimal solution spends 1 per cycle inThus, the
greedy solution costs times more than the optimal solution, wherés

This tends to as tendsto in nity.

Theorem 4.2 shows that our analysis is asymptotically tiglor the case of , our analysis is also

tight. Again, we can use the factor-revealing program tostrmict an example and prove that factor is
tight for this algorithm. The example is depicted and déxatiin Appendix.
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5 Covering with small cycles

As Figure 3 shows, the approximation factor of Algorithm 8ah be asbadas when .In
this section, we show how to improve this factor. The idea grow thebudgeof each edge in Algorithm 3.2
at a rate proportional to , for some , instead of growing it at a rate proportional ta

(5.15)
For , humerical results indicate that the approximation facfathe resulting algorithm for
isat most , and thus it performs better than Algorithm 3.1 in the warate. For and , the
approximation factor improvesto and from and , respectively.

In the tight example given in Theorem 4.2, the length of alel@dges are equal, so this algorithm can not
improve the approximation factor of Algorithm 3.2 wheiis not a constant.

6 Extensions

In this section, we show that our algorithmic ideas can bgtdbto solve related covering problems a well.
We study two problems in particular: the length-constrditene covering problem, and the cycle cover
problem with simple short cycles.

6.1 Length-constrained lane covering problemRecall that in the length-constrained lane covering
problem, an additional input is given, and the objective is to cover the lanes with cyclils at most edges
andtotal length at most . The following theorem shows that Algorithm 3.1 gives a -approximation
for this problem.

THEOREM®6.1. Algorithm 3.1 is a polynomial-time -approximation algorithm for the length-
constrained lane covering problem.

Proof. In orderto use Algorithm 3.1, we need to nd the most costéffe cycle of length at most. Similar

to the proof of Lemma 3.1, for a given we need to check if the cost effectiveness of a cycle iis greater
than or not. We construct a new graph whose edges have the same lengths as.iWe set the cost of
an edge to be for and for . In order to check
if there is a cycle of length at most with cost effectiveness in , we need to check if there is a cycle of
length at most with negative cost in , or, equivalently, nd cheapest length-constrained paths . If
costs are from polynomially bounded integer numbers, wescde this problem optimally using dynamic
programming. Thus, by rounding the costs to multiples @fe can check if there exists a path of cost at
most  with length at most (where is the number of vertices in the graph). Letbe the maximum
length of a lane edge. We prove that the running time of tigsr@thm is poly —— . Note that for an
edge , if , edge cannot be on any path of negative cost; thus we can set thettss
edge instead of . With this modi cation, the cost of any path is at most . Thus the

running time is at most poly — . Weset —— for some constant to get a polynomial time

TThis problem is known as the shortest weight-constraingt pablem and is NP-complete [7]. However, pseudopolymbtitne algorithms and
FPTAS's are known for this problem [10].



algorithm to check if there is a cycle of length at mostvith the cost at most ——. Similar to the proof
of Lemma 3.1, we use binary search to nd the maximum value &r which there is cycle of length at most

and cost at most . We can nd such cycle in polynomial time. Using this methddrading the most
cost-effective cycle, instead of inequality 4.4 in the aatevealing program, we have

We know that — ﬁ. Thus,

OPT

By setting _OPT , 's satisfy all inequalities of factor-revealing progran7 4thus

__OPT — OPT. This proves that the approximation factor of this polyial-

time algorithm is at most

6.2 Cycle cover with simple short cyclesOur techniques also give results on timinded cycle cover
problem[11]. In the bounded cycle cover problem, we look for cyclésiae at most with the added
restriction that the cycles agmple i.e., do not repeat any edge. We show that an algorithm asirtal
Algorithm 3.1 gives an -approximation for the bounded cycle cover problem in thecsgd case of
uniform graphs. To the best of our knowledge, this is the aggproximation known for this problem.

Given a graph , our algorithm rst checks that the instance is feasible.(ithat every edge is in a cycle
of size at most ). Then it greedily selects the most cost-effective feasilykle and iterates until all edges are
covered by a cycle in the solution set. As in Lemma 3.1, thislmadone in polynomial time, even with the
added restriction that cycles be simple.

We follow the analysis in Section 4. First, we derive inediesd for the factor-revealing program. Fix a
cycle of the optimal solution. Our input graph is no longer a contglEdirected graph, so we no longer

have the inequality . However, by the feasibility of the instance, we know thatheadge is in a cycle
of size at most . Therefore, . Furthermore, the graph is uniform, so after scaling - where is the
size of the cycle . Thus, implies ——. From these inequalities, it is easy to see that
where — and is the harmonic series.

7 Lower Bounds

In this section, we prove APX-hardness of the lane coveriodplem via a reduction from a version of the
maximum satis ability problem5-OCC-MAX-3SATde ned below. In our reduction, all edges of the graph
whose lengths are not given by the underlying path metridaare edges, and so this result actually proves
that any variant of the Chinese postman problem which caimstthe size or length of covering cycles, such
as the bounded cycle cover problem mentioned in the inttimlyds APX-hard.

Our reduction is based on a reduction used by Holyer [12]¢eg@NP-hardness of some edge-partitioning
problems. Given a satis ability formula, Holyer constre@ series of graphs for every variable and clause.
Each graph is an edge-disjoint union of directed trianglés triangles are arranged such that the graph can be
partitioned in exactly two ways into disjoint triangles -nmaly by taking all clockwise or all counterclockwise
triangles. By gluing these graphs together in a structutbciated by the satis ability formula, Holyer forces
the orientation of the partitionings of variable and clagsaphs to be coordinated. Thus if the formula is
unsatis able, the resulting graph will have no triangletjigoming.
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Figure 2: Integrality gap examples.

We adapt this proof to work for our setting, using the maxirmaatis ability problem5-OCC-MAX-3SAT
in order to prove an APX-hardness result. In an instance ®@bHOCC-MAX-3SAT problem, we are given
a CNF formula with variables and — clauses of exactly three literals in which each variablauogc
exactly ve times, and we wantto nd a truth assignment dgtizg the maximum number of clauses. Fiege [6]
proved that it is NP-hard to distinguish between a 5-OCC-M3SAT instance in which all the clauses can
be satis ed and one in which at most draction of the clauses can be satis ed for some constant

We use the notation and de nitions of Holyer. Let graph be a graph with vertices

mod . Let be an edge in

whenever there exist and such that mod  for and mod and

mod . Itis easy to check that the edges of can be partitioned in exactly two ways
into triangles. We call these two partitionings a T-pastiing and an F-partitioning. A patch is a subgraph
of which consists of a triangle and the three triangles thatesha edge with this triangle. We call the
patch a T-patch if the central triangle is from a T-partitaord F-patch otherwise. We orient the edges of
in such a way that all triangles of a T-partitioning are otéghclockwise and all triangles of an F-partitioning
are oriented counterclockwise. Call the resulting dirécfeph . Itis easy to check that there are exactly
two distinct edge-partitioning of  into directed triangles. For the proof, see Appendix.

THEOREM7.1. The lane covering problem is APX-hard for any constant

7.1 Integrality gap. Although Theorem 4.2 shows that Algorithm 3.1 is asymptolyctight, there
might be a better LP-based rounding algorithm for the seect® formulation. We can lower bound the
approximation ratio of any such algorithm by analyzing ttegrality gap of the set cover LP, LP 3.1

For , consider the union of two cycles of sizewith edge lengths as speci ed in Figure 2(a). It is
not hard to check that the optimal fractional solution of tirefor this example is 61.25 and optimal integral
solution is 67. Thus, the integrality gap is— . We acheive our best lower bound of for the
integrality gap when . In this case, the example is the union of squares and tearsglch that every
edge is in exactly two cycles of size at mogisee Figure 2(b)).
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Appendix

The tight example for From the analysis of this program, we know that the worst f@asa cycle of

lane edges occurs when the rst edge is picked at tinthe second edge at time and the third edge at time
. Itis easy to check that this situation occurs for the grapfigure 3 with ,

, and . The solid edges in this gure correspond to lanes, and thgtleof an edge not
drawn in this picture is taken to be the length of the shopatt between its endpoints. The optimal solution
for this example picks the cycles and and at a total cost of . Algorithm 3.2 might
pick the cycle attime , the cycle attime ,andthecycles and attime . This solution has
a total cost of . Therefore, the solution found by Algorithm 3.2 on this exden
costs B times the optimal solution cost, matching the upper bouwmdrgin Theorem 4.1 for

Proof of Theorem 7.1

Proof. Consider an instance of the 5-OCC-MAX-3SAT problem with variables and -
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Cc

Figure 3: Tight example for

clauses where clause consists of literals and and . From this instance, we
construct the following directed graph. Correspondingdohevariable , we put a copy of the graph
. Corresponding to each clause, we put three copies and and ofthegraph . Wejoin

the graphs and for , and as follows: If  is equalto , merge an
F-patch of  with an F-patch of . If is equal to , merge a T-patch of with an F-patch of
For every , we also merge one F-patch from each of , , and and remove the edges of the central

triangle in the resulting F-patch. Note that since eachatdeiappears in at most ve clauses, we can choose
all joining F- and T-patches to be disjoint from each othee &&ll the resulting directed graph .

We rst prove the theorem for . Corresponding to the instanceof the 5-OCC-MAX-3SAT problem
we will construct an instance of the lane covering problem for as follows. Let the set of lane edges
be the set of edges of with unit length and the length of the remaining edges of ttagh be set according
to the shortest path metric of the underlying undirecteglgr#f there is a solution to this instance of the lane
covering problem whose covering cycles only use lane edgebave the following facts:

FacT .1. If is T-partitioned, it covers all the edges of except the edges of the F-patch joining
with the other 's. In particular, in order to cover all the edges correspamgl to clause  with lane
edges, at least one of , or should be F-partitioned.

FAcT .2. If , then itis not possible that and are both F-partitioned. If , then itis

not possible that  is F-partitioned and is T-partitioned.
Together, these facts imply:

FacT .3. Edges of and can be partitioned into directed triangles if and only if aat one of
the corresponding literals , and istrue.

Thus is satis able if and only if the covering cycles of the optimsolution to the lane covering problem
only use lane edges. Let be the set of alledges of correspondingto exceptthe edges of ve the
F- and T-patches joining to the 's; be the set of all the edges of the three 's for , ,
and except the edges joining the 'stothe 's; and for , suchthat isinclause be
the set of edges of the patch mergingand . Thus, , , and for and

form a patrtition of the edges of , and so is satis able if and only if the cost OPT of the optimum
solution to the instance is OPT for some
constant . For each unsatis ed clause, a cycle covering using just kaiges leaves at least one lane edge
uncovered. We can cover this leftover edge with a two-cyinkyrring one additional unit of length. Thus,
there is a truth assignment in which at leastclauses are satis ed only if OPT
for some constant

Let be an -approximation algorithm for the lane covering problemhwit  —. We will use to
design an algorithm which, given an instance of the 5-OCC-MAX-3SAT problem, distinguishes between
“yes” instances ( is satis able) and “no” instances (at mostfraction of clauses can be satis ed). The
algorithm simply calls onthe instance and outputs yes if the resulting solution costs at most and

13



no” otherwise. It is not hard to see that correctly distinguishes between “yes” and “no” instanceisice
this is NP-hard, it follows that it is NP-hard to approximé#tie lane covering problem within a factor ef.
To extend the APX-hardness for any constaradd vertices on each edge on one of three dimensions
in . The inapproximability result still holds, since the numbg&edges in the extended and is
still a constant.

Example for the integrality gap

Example for . In this example we show that the integrality gap of the seecaW for is at
least— . Consider the instance sketched in Figure 2(b) errtices, . Suppose all edges in
the gure are lane edges and the lengths of the undrawn edgelseecomputed via the induced metric in the
underlying undirected graph. For some constants and to be xed later, let the interior edges ,

, , have length , the hexagonal edges , , , , have length ,
and the exterior edges , have length .
Notice each edge of lengthis in precisely two cycles of size. For example, edge is in the cycle
and the cycle . Each edge of length is in one cycle of size and one cycle of size. For
example, edge isincycle and cycle . Each edge of lengthis in precisely two cycles of
size . For example, edge isin cycle and cycle . Therefore, by assigning weight
to each size and size cycle, the fractional solution can cover each lane edgeowithising any non-lane
edges. Thus, the cost of the optimal fractional solution is (the sum of all lane edge lengths).

However, there is no cycle cover in this graph that uses syalesize at most (since there are no size
cycles, any such cover would need to haveycles of size or cycles of size and cycle of size
in order to cover all edges exactly once, but it is easy to check that the graphrimesontain disjoint
cycles of size or disjoint cycles of size ). Consider the following three integral solution typese th
solutions containing one perfect square and two perfezhgtes, for example, ,

, add just two type edges( and in this example). The solutions contamlng three
perfect triangles, for example, , , , , , add just two type edges, (
and in this example). The solutions contain three imperfectsgs and three imperfect triangles, for
example, , , add just six type edges. The union of the

cycles in any valid integral squt|on should form an Euleriaur, and so every vertex's in degree should equal
its out degree. Thus, any integral solution must add an euerber of edges of each type, and so the optimal
integral solution should be one of the above three tymematter how we set, , and (of course, we must
check that there is no integral solution adding just type edges, but this can easily be checked by hand).
Therefore, the optimal integral solution costs

Setting , , and maximizes the ratio of the integral and fracuonal solusiamd
yields an integrality gap of-
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